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1. Introduction

An evolution algebra over a field is an algebra with a basis on which multiplication is defined by
the product of distinct basis terms being zero and the square of each basis element being a linear
form in basis elements [13].

In study of any class of algebras, it is important to describe up to isomorphism at least alge-
bras of lower dimensions. In [10] and [14], the classifications of associative and nilpotent Lie
algebras of low dimensions were given.

About classifications of evolution algebras and their nilpotency the following results
are known:

In [3] (see also [5]) two-dimensional evolution algebras over the complex numbers were classi-
fied. For the classification of two-dimensional evolution algebras over the real numbers see [11].
Moreover, in [5] a class of algebras isomorphic to evolution algebras with Jordan form matrices
are considered and a criterion for their nilpotency is given. In case when the eigenvalue of the
corresponding Jordan block is zero, the article gives the criterion of nilpotency of the correspond-
ing finite-dimensional complex evolution algebras. In [5] it is shown that for nilpotent n-dimen-
sional complex evolution algebras the possible maximal nilpotency index is 2" + 1. The article
[4] gives classification of finite-dimensional complex evolution algebras with maximal nilpotent
index 27! + 1.

Recently, in [2] the authors classified three-dimensional evolution algebras over a field having
characteristic different from 2 and in which there are roots of orders 2, 3, and 7. It is proved that
there are 116 types of three-dimensional evolution algebras.
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Very recently, in [8] the authors studied the distribution of finite-dimensional evolution algebras
over any base field into isotopism' classes according to their structure tuples and to the dimension of
their annihilators. It is shown the existence of four isotopism classes of two-dimensional evolution
algebras, whatever the base field is. For the three-dimensional case, it is shown how to deal with the
distribution into isotopism classes of evolution algebras of higher dimensions.

In [6], it is shown that a finite-dimensional evolution algebra is nilpotent if and only if the
associated graph contains no oriented cycles. This result is equivalent to the fact that, for some
reordering of the given natural basis, the corresponding matrix of structural coefficients are upper
triangular [3]. Thus, the nilpotency of a finite-dimensional evolution algebra can be seen by the
graph associated to the natural basis.

In [7] (see also [9]), a classification of indecomposable nilpotent evolution algebras up to
dimension five over algebraically closed fields of characteristic not two is given. To do this in [7]
the type and several invariant subspaces related to the upper annihilating series of finite-dimen-
sional nilpotent evolution algebras are introduced. A class of nilpotent evolution algebras, defined
in terms of a nondegenerate, symmetric, bilinear form and some commuting, symmetric, diago-
nalizable endomorphisms relative to the form, are constructed.

In [12], a nilpotency condition on the evolution algebra that corresponds to a permutation
is given.

In this article, we develop the methods of [7] for high dimensional evolution algebras. We
construct nilpotent evolution algebras of any type. We show that, except the cases considered by
Elduque and Labra, this construction of nilpotent evolution algebras does not give all possible nil-
potent evolution algebras.

2. Basic definitions and facts

Evolution algebras. Let (E,-) be an algebra over a field K. If it admits a basis {ej,e,, ...}, such
that

R if i# j;
P Zk aer, if i=j,
then this algebra is called an evolution algebra [13]. The basis is called a natural basis. We denote
by A = (a;;) the matrix of the structural constants of the evolution algebra E.
It is known that an evolution algebra is commutative and not associative, in general. For basic

properties of the evolution algebra see [13].
For an evolution algebra E and k > 1 we introduce the following sequence

k—1
EF = ZEiEk‘i. (2.1)
i=1

Since E is a commutative algebra we obtain
B=S FE
i=1
where |x| denotes the integer part of x.

Definition 1. An evolution algebra E is called nilpotent if there exists some n € N such that E" =
0. The smallest n such that E" = 0 is called the index of nilpotency.

"The concept of isotopism of algebras was introduced in [1] as a generalization of isomorphism. Two n-dimensional algebras A
and B defined over a field K are isotopic if there exist three non-singular linear transformations f, g and h from A to B such
that f(u)g(v) = h(uv), for all u,v € A.
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The following theorem is known (see [3]).

Theorem 1. An n-dimensional evolution algebra E is nilpotent iff the matrix of the structural con-
stants corresponding to E can be written as

0 app a4z Ain
0 0 ars [253%

A=10 0 0 v A3 | (2.2)
0 0 o --- 0

Upper annihilating series. Following [7] we introduce the following definitions:

Let £ be an evolution algebra with a natural basis B = {ey, ..., e, } and matrix of structural con-
stants A = (a;). The graph I'(€,B) = (V,E), with V = {1,...,n} and E= {(i,j) € VX V : a; #
0}, is called the graph attached to the evolution algebra & relative to the natural basis B.

Definition 2. For an algebra A define the chain ann’(A),i > 1 by

ann'(A4) :==ann (A4) :={x € A:xA = Ax = 0},
ann’(A)/ann''(A) := ann (A/ann"!(A)).

Definition 3. The following series is called the upper annihilating series:
0 =ann’(A4) Cann'(A4) C ... Cann’(A) C ...

It is known that a non-associative algebra (in particular an evolution algebra) is nilpotent if
and only if its upper annihilating series riches A, i.e., ann"(A) = A, for some r > 1 [7].

Definition 4. Let A be a finite-dimensional nilpotent non-associative algebra over a field F, and
let r be the lowest natural number such that ann'(A) = A. The type of A is the sequence
[n1, 12, ..., 1] such that ny + ny + ... + n; = dimp(ann’(A)), for all i = 1,2, ...,r. Thus

n; = dimgp (anni(A))—dimF (anni_l(A)),i =1,2,..,r.

3. Nilpotent evolution algebras
Consider a field F of characteristic not equal to 2. Let U be a vector space over F with dimplf = n.

Definition 5. Let b:U xU — F be a nondegenerate symmetric bilinear form and let f; : U —

U,i=1,2,....,k—1 be pairwise commuting, symmetric (relative to b), diagonalizable endomor-

phisms. We define the algebra E{U, b, fi, ..., fic1) :=U X F x --- x F with multiplication
————

k

(uvalv -~~7ak)(va ﬂla "'7ﬁk) =
(O, b(u,v),b(fi(u),v) + o1 fy, b(f2(u),v) + a2y, ..., b(fi-1(u),v) + Ofk—1ﬁk71),

for any u,v € U and w;, f; € F.

(3.1)

Proposition 1. E(U, b, f1, ..., fk—1) is a nilpotent evolution algebra of type [1,1,...1,n].
N —

k
Proof. By assumptions there is an orthogonal basis {u1,...,u,} of U, relative to b, consisting of
common eigenvalues for f;, i = 1,...,k—1. Then
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er = (41,0,0,...,0),...,e, = (u,,0,0,...,0),
enir = (0,1,0,0,...,0), ... enrx = (0,0, ...,0,1)
is a natural basis of E = E(U, b, fi, ..., fr—1). Moreover, eie; = 0 if i # j and

k
E Aij€nj, if i= 1,...,7[
j=1

€itl, lf i:n+1,...,n+k—1
0, if i=n-+k,

(3.2)

where

P b(u,—,ui), lf]:1
M (o (i) i), i j =2,k

Now using multiplication (3.1) we calculate ant/(E). We have
ann (E) = {(u, 00, ..., o) € E 2 (4,01, 00, 0k) (v, By s Bi) = 0,¥(v, By, oo By) € E}
=0x0x---x0xF.
————
k
Note that the first zero in the RHS of this formula is n-dimensional zero-vector.

ann*(E) = {(u, o1, ...,) € E:

(u,O(l,...,ka>(V, ﬁl,’"vﬁk) € ann (E),V(V, ﬁlv "'7Bk) € E}
=0x0x---x0xFxTF.
—_———

k=1
Using mathematical induction over j one can prove that
an/(E) =0x0x---x 0 xFx---xF,j=1,..k

k—j+1 j

and ann**!(E) = E. Thus we have

1, if i=1,..k

n; = dimg (ann’(E)) —dimg (ann" ' (E)) = {n ikl

The following proposition shows that Proposition 1 does not give all nilpotent evolution alge-
bras of type [1,...,1,n].
——
k
Proposition 2. For each k > 4 and n > 1 there is an evolution algebra E' of type 1, ...,1,n|, which
N

k
is non-isomorphic to E = E(U, b, fi, ..., fr_1) for any collection (U, b, f1, ..., fi—1) as in Definition 5.

Proof. Let E' be of type [1,...,1,n] and {hy, ..., hy, hyi1, ..., Bk} be a natural basis of this algebra.
Moreover, !

an/(E) =0x0x - x0OxFx---xF,j=1,..k

k—j+1 j

and ann*"!(E’) = E'. Then we choose E’ such that i;h; = 0 if i # j and
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iy, if i=1,..,n
hiqn +h; ifi=n+1n+2,..,n+k=-2
2 _ i+1 i+2 ) )y
W= bk, if i =1t k1 (3.3)

0, if i=n+k.

We shall show that there is no a change from basis {h;} (of algebra E') with multiplication
(3.3) to the basis {e;} (of algebra denoted by E) with multiplication (3.2). We note that if such ¢,
(where detp # 0) exists then

oann™(E')) = ann™(E),1 <m < k+ 1.
Moreover, by Corollary 3.6 of [7], ¢ has the following block structure:

* 0 0 .. =x
0 x 0 .. =
0 0 x ... =
0 0 O *,

ie.
@(hi) = y;ei + dienyk, Vs, 0; € F.
Thus det(¢) = 9;...7, 1« From (3.3) we get
Whi =h,i=n+1n+2, ., n+k-2.
Consequently,
o(h2,) = o(B)e(h,)) = o(h)’ @(hi1)* = (yiei + Siensk)’ (Vipr€iv1 + Oivr€nsn)”
= VielViein = ViVt =0

foreachi=n+1,n+2,...,n+ k—2. Using this we obtain
0= (P(h,?+2) = (P(hi+2)2 = V%Jrzeirz = V?+zei+3v

hence y;,, =0 for each i =n +1,...,n+ k—3. Thus if k > 4 then det(¢) = 0, i.e. there is no iso-
morphism between E’' and E. |

Remark 1. In [7] for k <3 it is shown that any algebra of type [1,...,1,n] is isomorphic to
——

k
EU,b,fi,....fk-1) for some (U,b,fi,...,fx—1). Proposition 2 shows that this kind of result is not
true for any k> 3.

Definition 6. Let b : U x U — [ be a nondegenerate, symmetric, bilinear form and let 0 # u € U.
Define the algebra

E (U, byu) =FXxFx- - xXF xU xFxFx---xF
—_——— —_———
1 r

with multiplication

(01 ey 01, %, By ooy Br) (V1 ooy Vs V5 015 oy Op) =

34
(070517)170627)2,--~7051—1“/1_17“l?zuvb(xy}’)ﬁ@la--~a/3r—15r—1), ( )

for any x,y € U and o;, B, yi, om € F.
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€l+1

€142

€l —— €2 —— oo —— € —— 1 — Clintl » Cl4n42 —> - —> Clyngr

€l4n—1

€l4n
Figure 1. The graph of the evolution algebra given by multiplication (3.5).

Theorem 2. E;, (U, b, u) is a nilpotent evolution algebra of type [1,1,....,1,n,1,1,...,1].
——— —

1 r
Proof. Let {uy,...,u,} be an orthogonal basis of I/ related to b. Then using (3.4) it is easy to see
that

e1 = (1,0,...,0),e, = (0,1,0,...0), ...,e; = (0, ...,0,1,0, ..., 0),

e = (07 wry 0,1, 0, ...,0), vy €l = (0, veey 0, u,,0, ...,0),
SN—— S—— SN—— S——

1 r 1 r

€lint1 = (07 i 07 17 07 i 0)7 ooy Clpntr = (Oa i) 07 Oa 07 ) 1)
—— ——
r r
is a natural basis of E = E; (U, b, u) making it an evolution algebra. Moreover, e;e; = 0 if i # j. If

u=>_ cxu and Ax = b(ug, ux) then

ey, if i=1,.,1-Tand i=l+n+1,14+n+2,.,I+n+r-1
n

, ifi=1

62 _ ;Cker I (35)
;Li€]+n+1, 1f 1:l+],_]: 17...71’1

0, ifi=Il+n+r.

In Figure 1, the graph of the evolution algebra (see page 3 for definition) with multiplication
(3.5) is given.
Now we check the type of this evolution algebra. From (3.4) it follows that
ann (E) =0x0x---x0 xF;
—_———
I+r
Note that in the last formula and below one 0 is n-dimensional zero-vector.
ant(E) = {(o1, 01,3, By, o ) € E

(ala sy O, X, ﬂh "'7ﬁr)(y17 -~-7"/la}’7517 "'75") =
(0, 00715 02y -eny O—1V1_1s CaYithy B(%, ¥), B101, ey Pr_10p-1) €0 X 0 X -+ x 0 XF,
—_———

I+r
for any (y1,...,7,¥,01,...,0,) EE}=0x0x --- x 0 xF x F;
—_———

I+r—1
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Similarly by mathematical induction over j one shows that
an/(E) =0x0x - x0OxFx---xF, j=1,..,r
Lr—jt1 j
ann"(E) = { (o, ..., o, x, By, ..., B,) € E
(0015 ees 01 X, By ooy Br) (V1 oovs V15 V5 Oty ooy Or)

= (07 X115 %2Y2y -y 1—171—1, GV iU, b(xvy)7ﬂ1517 ey Br—lérfl) €
0XxO0x---x0xFx---xF, forany (y;,...,7,¥,01,...,0r) € E}

I+1 r
=0X0Xx: -+ x0x U XFx---xTF;
— ——
) r
Now using induction over m one can show that
ann”(E) =0x0x - x0 xFx - xFxUxFx---xFm=1,..1L
———

I-m m r

Thus we have

o0}l - {1

Theorem 3. If I>2 or r>2 then for each n > 1 there is an evolution algebra E of type
(1,1,..,1,n,1,1,...,1] which is not isomorphic to an algebra E;(U,b,u), for any (U,b,u) as in
—_—— —

1 r
Definition 6.
Proof. Let B = {hy, ..., hinir} be a natural basis of E with type [1,1,...,1,%,1,1,...,1]. Then
H,_./ N —
j ir o ) r
' @;:1F61+n+r7i+la it j=1,..,r
an/ (E) = { @ Fe @ _ Feyy, s, if j=r+1
DL Fer_111D Fer D, Ferynss, if j=r+14+m, m=1,..,1L

Using these formulas we get the following multiplication table:

I4-nr
W= ahy, if i=1,..,1

j=it1

I+n+r
l+t E aeihy, it t=1,.
S (3.6)
I4-n+r
2 _ . .
Wnim = E Unimghj, if m=1,..r-1
j=l+n+m-+1

2
hl+n+r 0.

Thus the matrix of structural constants of this algebra has upper triangular form with zeros in
the diagonal (see Theorem 1).



tion (3.7) to the basis {ey, ...,
ann/(E'), we get for i the following equalities:
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Case: v > 2. Here we consider a particular case of (3.6), i.e., we take

I+n+r
= E OCith, if i= 1,...,[
j=it+l
2
hl+1 = chiipnir, ¢#0
I-n+tr

M = Z Oeshy, i =2,

=Il+n+1
I+n+r

2 _ . .
hl+n+m = E Oﬂl+n+mjhj, if m= 1,...,r—1
j=lntmt1

h? =0.

I+n+r —

(3.7)

We assume that there exists a change Y of basis {hi, ..., b1, }, of algebra E, with multiplica-

I-n+r

Z Vijeja i= 1, ,l,

=i

I+-n+r

Y(hi) = Z%‘jej, i=14+1,..,1+mn

s

I+-n+r

Z“/ijej, i=l+n+1,. . 0+n+r.
=i

By these formulas we have

_ 1 N . N
detlﬂ - det(yij)i_jzl ' det(/ij)i,j:lJrl det(/ij)

I+n+r
ij=l+n+1"

Forany p € {I+1,...,1+ n}, we have

IH+n+r

l#(hphl+n+r_1) = lﬁ(hp)l// hl+n+r 1 Z VpjVlentr—1,4€ ]
I+n+r—2
— 0o A 2 \ -0
= VoiVirntr—1€ T Vpitntr—1Vntr—1 ntr—1€ntr = 0.
=1

In particular, from the last equality we get the following system of equations
Vpdtntr—1Vntr—14ntr—1 = 0 forall pe {I+1,....1+n}.
We note that y; 1,1 1144, 7 0, consequently

Vospnir—1 =0, forall pe {I4+1,...1+n}.
Now consider
W(hlﬂ) = Y(chiinsr) = WY (hirnir) = CpppiriinsrCiontr
Since dety) # 0 we have 7., , 1, 7 0. On the other hand we have

2
I+n+r I+ntr-2

W(hzﬂ) = Y(h)* = Z Y6 | = Z V12+1,jef + Vi -1 €

j=l+1 j=H1

elinir}> of algebra E’, with multiplication (3.5). Since y(ant/(E)) =

(3.8)

(3.9

(3.10)
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By (3.8)-(3.10) we get the following contradiction

0 # Visniritnsr = Vit itnsr—1 = 0-
Thus such i does not exist.
Case: 1 > 2. Here we consider the following particular case of (3.6):

hlz = hi+1 + hi+27 lf i= 1, ,l
I+n+r

l+t E o I+t ]7 if t= 1
=I+n+1 (3.11)
hl+n+m hiinsmer + Bignemen, if m=1,..,r=2

l+n+r 1 = hiensr

h? =0.

Hndr =

Assume that there exists a change ¢ of basis {ej, ..., e ¢, }, of algebra E', with multiplication
(3.5) to the basis {hi, ..., b1, }, of algebra E, with multiplication (3.7). Then since

(p(annj(E')) = annj(E),j >1,
we get

I+n+r

— Z vihi, i=1,.,1
j=i

The condition det(¢p) # 0 implies y11755-- 11 ripnsr 7 0-
From (3.5) we get

22 o
eje; ;= ey =0,i=1,2,...,1-2.

n
2 2
e = el< E ckel+k> =0.

k=1
22 B
€ = E ckeirk | Meigns1 = 0.
k=1
e} €61, = M€l = Mlrernis # 0.

Consequently,
p(e, em) =0,foreachi=1,2,..., L (3.12)
On the other hand we have
2 2
I+n+r I+n+r
p(ee,) = Z Vi Z Virhi | =
=i j=it1
(Vnh2 . ) (V?+17i+1h12+1 + ) = (3.13)

(va(hiss + hia) + ...) <V12+1,i+1(hi+2 + his) + ) =
ViVioLin Mg o foreach i=1,2,.. 1-1.

By (3.12) from the last equality we get ;7,1 ;41 = 0 for each i =1,...,I—1. Thus for [ > 2 we
see that det(¢p) = 0. O

Remark 2. In [7] it was shown that if E is a nilpotent evolution algebra of type [1,n,1] then E is
isomorphic to an algebra Ey;(U,b,u), (ie, l=r=1), for some (U, b, u) as in Definition 6.
Theorem 3 shows that this result is not true for any I, r when at least one of them >1.
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Definition 7. Let b : U x U — F be a non degenerate, symmetric, bilinear form. Define the algebra
EU,b):=UXTF xF
with multiplication

(u, oy, OCz)(Va B, ﬁz) = (07 0, b(”’ V))

Proposition 3. E(U, b) is a nilpotent evolution algebra of type 2, n].

Proof. Let {u,...,u,} be an orthogonal basis of U related to b. Then {e; = (u;,0,0),i=

1,...,me,01 = (0,1,0), €442 = (0,0,1)} is a natural basis of E = E(U, b). Moreover ejej = 0,i # j
and

e; = 2i(0,0,1) = Aiepyz,i = 1,...,n,with 1; = b(u;, u;),
ei-ﬂ =e ., =0.
It is easy to see that
ann (E) =0 x F x T, ann’(E) = E.

Thus n; =2,n, = n. O

3.1. A construction of a nilpotent algebra of type [n;,n;,. .. ng]

Consider a field F of characteristic not 2. Let U; be a vector space over F with dimplf; = m;,i =
1,...,k. Denote by {uj, ..., t;,, } the basis elements of U;,i =1,..., k.

Definition 8. Let & : U; @ U; — Uiy1,i =1,...,k—1 be symmetric bilinear mappings, such that
Ei(uip, uig) = 0, p # q. We define the algebra

E:ulXuZX"'XZ/{k

with multiplication

(X1, X2, s XK) (V15 Y25 0 Vi) =
(0, &a (21, p1)s Ea (X2, 92)s oy Ekmt (Xh—15 Y1) )5

(3.14)
for any x;,y; € U,.
Theorem 4. The algebra E =U, x Uy X --- XUy is a nilpotent evolution algebra of type
[n1, 12, ...y i), with n; = my_i4;.
Proof. We note that the following is a natural basis of E:
{9117 €12y 5 €1my 3 €215 €225 -+vy €2y 5 +--5 €K1 K25 +- o5 ekmk}a
where
€ij = (O, veey 0, Uij, 0, veey 0) € ]E, i= 1, ceny k, ] = 1, N (B
Moreover, we have eje,q = 0, (i,7) # (p,q) and

2 __ P — P —
eij = (0, .., 0, éi(u,-j, uzij),O, ,O), i=1,.. k—l,] =1,....m;,
€ = 0,j=1,...,my
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It is easy to see that
ann'(E) =0 x 0 X ---0 x Uy, i.e.,dim(ann (E)) = my.

k
ann?(E) =0 x 0 x ---0 X Up_; X Uy, ,i.e.,dim(ann?(E)) = Z ;.

......... S:k_l
. : k
ann/(E) =0 X 0% -+ 0 X Ug_jy1 X -+ X Ug_1 X Uy, ,i.e., dim(ann/(E)) = Z mq
s=k—j+1
Thus we have
k k
n; = Z ms— Z Mg = Mi—jt1.
s=k—i+1 s=k—i+2
Then corresponding algebra is of type [n;, na, ..., ng. O

Example 1. Let V, be an evolution algebra with multiplication & : Vi @ Vi — Vi, and V), :=
E V1, V1), Assume a multiplication &, is given on V, such that (V,,&,) is an evolution algebra
and Vs := &V, V). Consequently, define an evolution algebra (Vi—1,& ) with & (Viog,
Vio1) =V, i=1,..., k. Consider

c‘::VlXVzX"'XVk
with multiplication

(xlax27 --~>xk)()’1,)’27 ~--7}’k) =

(0, &1 (%15 1), Ea(X2,¥2)5 +vos ket (K1, Vk-1)) (3.15)

for any x;,y;i € Vi. Then by Theorem 4 the algebra £ is a nilpotent evolution algebra of type
[n1, 12, ..., 1], with n; = dim(Vi_i41).
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