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ABSTRACT
Recently, by A. Elduque and A. Labra a new technique and a type of an
evolution algebra are introduced. Several nilpotent evolution algebras
defined in terms of bilinear forms and symmetric endomorphisms are con-
structed. The technique then used for the classification of the nilpotent
evolution algebras up to dimension five. In this article, we develop this
technique for high dimensional evolution algebras. We construct nilpotent
evolution algebras of any type. Moreover, we show that, except the cases
considered by Elduque and Labra, this construction of nilpotent evolution
algebras does not give all possible nilpotent evolution algebras.
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1. Introduction

An evolution algebra over a field is an algebra with a basis on which multiplication is defined by
the product of distinct basis terms being zero and the square of each basis element being a linear
form in basis elements [13].

In study of any class of algebras, it is important to describe up to isomorphism at least alge-
bras of lower dimensions. In [10] and [14], the classifications of associative and nilpotent Lie
algebras of low dimensions were given.

About classifications of evolution algebras and their nilpotency the following results
are known:

In [3] (see also [5]) two-dimensional evolution algebras over the complex numbers were classi-
fied. For the classification of two-dimensional evolution algebras over the real numbers see [11].
Moreover, in [5] a class of algebras isomorphic to evolution algebras with Jordan form matrices
are considered and a criterion for their nilpotency is given. In case when the eigenvalue of the
corresponding Jordan block is zero, the article gives the criterion of nilpotency of the correspond-
ing finite-dimensional complex evolution algebras. In [5] it is shown that for nilpotent n-dimen-
sional complex evolution algebras the possible maximal nilpotency index is 2n�1 þ 1. The article
[4] gives classification of finite-dimensional complex evolution algebras with maximal nilpotent
index 2n�1 þ 1.

Recently, in [2] the authors classified three-dimensional evolution algebras over a field having
characteristic different from 2 and in which there are roots of orders 2, 3, and 7. It is proved that
there are 116 types of three-dimensional evolution algebras.
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Very recently, in [8] the authors studied the distribution of finite-dimensional evolution algebras
over any base field into isotopism1 classes according to their structure tuples and to the dimension of
their annihilators. It is shown the existence of four isotopism classes of two-dimensional evolution
algebras, whatever the base field is. For the three-dimensional case, it is shown how to deal with the
distribution into isotopism classes of evolution algebras of higher dimensions.

In [6], it is shown that a finite-dimensional evolution algebra is nilpotent if and only if the
associated graph contains no oriented cycles. This result is equivalent to the fact that, for some
reordering of the given natural basis, the corresponding matrix of structural coefficients are upper
triangular [3]. Thus, the nilpotency of a finite-dimensional evolution algebra can be seen by the
graph associated to the natural basis.

In [7] (see also [9]), a classification of indecomposable nilpotent evolution algebras up to
dimension five over algebraically closed fields of characteristic not two is given. To do this in [7]
the type and several invariant subspaces related to the upper annihilating series of finite-dimen-
sional nilpotent evolution algebras are introduced. A class of nilpotent evolution algebras, defined
in terms of a nondegenerate, symmetric, bilinear form and some commuting, symmetric, diago-
nalizable endomorphisms relative to the form, are constructed.

In [12], a nilpotency condition on the evolution algebra that corresponds to a permutation
is given.

In this article, we develop the methods of [7] for high dimensional evolution algebras. We
construct nilpotent evolution algebras of any type. We show that, except the cases considered by
Elduque and Labra, this construction of nilpotent evolution algebras does not give all possible nil-
potent evolution algebras.

2. Basic definitions and facts

Evolution algebras. Let ðE; �Þ be an algebra over a field K. If it admits a basis fe1; e2; :::g , such
that

ei � ej ¼ 0; if i 6¼ j;P
k aikek; if i ¼ j;

�
then this algebra is called an evolution algebra [13]. The basis is called a natural basis. We denote
by A ¼ ðaijÞ the matrix of the structural constants of the evolution algebra E.

It is known that an evolution algebra is commutative and not associative, in general. For basic
properties of the evolution algebra see [13].

For an evolution algebra E and k � 1 we introduce the following sequence

Ek ¼
Xk�1

i¼1

EiEk�i: (2.1)

Since E is a commutative algebra we obtain

Ek ¼
Xbk=2c
i¼1

EiEk�i;

where bxc denotes the integer part of x.

Definition 1. An evolution algebra E is called nilpotent if there exists some n 2 N such that En ¼
0. The smallest n such that En ¼ 0 is called the index of nilpotency.

1The concept of isotopism of algebras was introduced in [1] as a generalization of isomorphism. Two n-dimensional algebras A
and B defined over a field K are isotopic if there exist three non-singular linear transformations f, g and h from A to B such
that fðuÞgðvÞ ¼ hðuvÞ, for all u; v 2 A.

COMMUNICATIONS IN ALGEBRAVR 1557



The following theorem is known (see [3]).

Theorem 1. An n-dimensional evolution algebra E is nilpotent iff the matrix of the structural con-
stants corresponding to E can be written as

Â ¼

0 a12 a13 ::: a1n
0 0 a23 ::: a2n
0 0 0 ::: a3n
..
. ..

. ..
. � � � ..

.

0 0 0 � � � 0

0
BBBBB@

1
CCCCCA: (2.2)

Upper annihilating series. Following [7] we introduce the following definitions:
Let E be an evolution algebra with a natural basis B ¼ fe1; :::; eng and matrix of structural con-

stants A ¼ ðaijÞ . The graph CðE;BÞ ¼ ðV; EÞ , with V ¼ f1; :::; ng and E ¼ fði; jÞ 2 V � V : aij 6¼
0g, is called the graph attached to the evolution algebra E relative to the natural basis B.

Definition 2. For an algebra A define the chain anniðAÞ; i � 1 by

ann1 Að Þ :¼ ann Að Þ :¼ x 2 A : xA ¼ Ax ¼ 0f g;
anni Að Þ=anni�1 Að Þ :¼ ann A=anni�1 Að Þ� �

:

Definition 3. The following series is called the upper annihilating series:

0 ¼ ann0 Að Þ � ann1 Að Þ � ::: � annr Að Þ � :::

It is known that a non-associative algebra (in particular an evolution algebra) is nilpotent if
and only if its upper annihilating series riches A, i.e., annrðAÞ ¼ A, for some r � 1 [7].

Definition 4. Let A be a finite-dimensional nilpotent non-associative algebra over a field F , and
let r be the lowest natural number such that annrðAÞ ¼ A . The type of A is the sequence
½n1; n2; :::; nr� such that n1 þ n2 þ :::þ ni ¼ dimFðanniðAÞÞ, for all i ¼ 1; 2; :::; r. Thus

ni ¼ dimF anni Að Þ� �
�dimF anni�1 Að Þ� �

; i ¼ 1; 2; :::; r:

3. Nilpotent evolution algebras

Consider a field F of characteristic not equal to 2. Let U be a vector space over F with dimFU ¼ n.

Definition 5. Let b : U � U ! F be a nondegenerate symmetric bilinear form and let fi : U !
U; i ¼ 1; 2; :::; k�1 be pairwise commuting, symmetric (relative to b), diagonalizable endomor-
phisms. We define the algebra EðU; b; f1; :::; fk�1Þ :¼ U � F� � � � � F|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

k

with multiplication

u; a1; :::; akð Þ v; b1; :::; bkð Þ ¼
0; b u; vð Þ; b f1 uð Þ; vð Þ þ a1b1; b f2 uð Þ; vð Þ þ a2b2; :::; b fk�1 uð Þ; vð Þ þ ak�1bk�1
� �

;
(3.1)

for any u; v 2 U and ai; bj 2 F.

Proposition 1. EðU; b; f1; :::; fk�1Þ is a nilpotent evolution algebra of type ½1; 1; :::1|fflfflfflffl{zfflfflfflffl}
k

; n�.

Proof. By assumptions there is an orthogonal basis fu1; :::; ung of U , relative to b, consisting of
common eigenvalues for fi, i ¼ 1; :::; k�1. Then

1558 B. A. OMIROV ET AL.



e1 ¼ u1; 0; 0; :::; 0ð Þ; :::; en ¼ un; 0; 0; :::; 0ð Þ;
enþ1 ¼ 0; 1; 0; 0; :::; 0ð Þ; :::; enþk ¼ 0; 0; :::; 0; 1ð Þ

is a natural basis of E ¼ EðU; b; f1; :::; fk�1Þ. Moreover, eiej ¼ 0 if i 6¼ j and

e2i ¼
Xk
j¼1

kijenþj; if i ¼ 1; :::; n

eiþ1; if i ¼ nþ 1; :::; nþ k�1
0; if i ¼ nþ k;

8>>>><
>>>>:

(3.2)

where

kij ¼ b ui; uið Þ; if j ¼ 1
b fj�1 uið Þ; ui
� �

; if j ¼ 2; :::; k:

�
Now using multiplication (3.1) we calculate annjðEÞ. We have

ann Eð Þ ¼ u; a1; :::; akð Þ 2 E : u; a1; :::; akð Þ v; b1; :::; bkð Þ ¼ 0; 8 v; b1; :::; bkð Þ 2 E
� �

¼ 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
k

�F:

Note that the first zero in the RHS of this formula is n-dimensional zero-vector.

ann2 Eð Þ ¼ f u; a1; :::; akð Þ 2 E :
u; a1; :::; akð Þ v; b1; :::; bkð Þ 2 ann Eð Þ; 8 v; b1; :::; bkð Þ 2 Eg

¼ 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
k�1

�F� F:

Using mathematical induction over j one can prove that

annj Eð Þ ¼ 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
k�jþ1

�F� � � � � F|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
j

; j ¼ 1; :::; k:

and annkþ1ðEÞ ¼ E. Thus we have

ni ¼ dimF anni Eð Þ� �
�dimF anni�1 Eð Þ� �

¼ 1; if i ¼ 1; :::k
n; if i ¼ kþ 1:

�

The following proposition shows that Proposition 1 does not give all nilpotent evolution alge-
bras of type ½1; :::; 1|fflfflffl{zfflfflffl}

k

; n�.

Proposition 2. For each k � 4 and n � 1 there is an evolution algebra E0 of type ½1; :::; 1|fflfflffl{zfflfflffl}
k

; n�, which

is non-isomorphic to E ¼ EðU; b; f1; :::; fk�1Þ for any collection ðU; b; f1; :::; fk�1Þ as in Definition 5.

Proof. Let E0 be of type ½1; :::; 1|fflfflffl{zfflfflffl}
k

; n� and fh1; :::; hn; hnþ1; :::; hnþkg be a natural basis of this algebra.
Moreover,

annj E0ð Þ ¼ 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
k�jþ1

�F� � � � � F|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
j

; j ¼ 1; :::; k:

and annkþ1ðE0Þ ¼ E0. Then we choose E0 such that hihj ¼ 0 if i 6¼ j and
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h2i ¼
hnþ1; if i ¼ 1; :::; n
hiþ1 þ hiþ2; if i ¼ nþ 1; nþ 2; :::; nþ k�2
hnþk; if i ¼ nþ k�1
0; if i ¼ nþ k:

8>><
>>: (3.3)

We shall show that there is no a change from basis fhig (of algebra E0 ) with multiplication
(3.3) to the basis feig (of algebra denoted by E) with multiplication (3.2). We note that if such u,
(where detu 6¼ 0) exists then

u annm E0ð Þð Þ ¼ annm Eð Þ; 1 � m � kþ 1:

Moreover, by Corollary 3.6 of [7], u has the following block structure:

	 0 0 ::: 	
0 	 0 ::: 	
0 0 	 ::: 	
..
. ..

. ..
. . .

. ..
.

0 0 0 ::: 	;

0
BBBBB@

1
CCCCCA

i.e.

u hið Þ ¼ ciei þ dienþk; ci; di 2 F:

Thus detðuÞ ¼ c1:::cnþk. From (3.3) we get

h2i h
2
iþ1 ¼ h2iþ2; i ¼ nþ 1; nþ 2; :::; nþ k�2:

Consequently,

u h2iþ2

� � ¼ u h2i
� �

u h2iþ1

� � ¼ u hið Þ2u hiþ1ð Þ2 ¼ ciei þ dienþkð Þ2 ciþ1eiþ1 þ diþ1enþkð Þ2
¼ c2i e

2
i c

2
iþ1e

2
iþ1 ¼ c2i c

2
iþ1eiþ1eiþ2 ¼ 0

for each i ¼ nþ 1; nþ 2; :::; nþ k�2: Using this we obtain

0 ¼ u h2iþ2

� 	
¼ u hiþ2ð Þ2 ¼ c2iþ2e

2
iþ2 ¼ c2iþ2eiþ3;

hence ciþ2 ¼ 0 for each i ¼ nþ 1; :::; nþ k�3. Thus if k � 4 then detðuÞ ¼ 0, i.e. there is no iso-
morphism between E0 and E. w

Remark 1. In [7] for k � 3 it is shown that any algebra of type ½1; :::; 1|fflfflffl{zfflfflffl}
k

; n� is isomorphic to

EðU; b; f1; :::; fk�1Þ for some ðU; b; f1; :::; fk�1Þ . Proposition 2 shows that this kind of result is not
true for any k> 3.

Definition 6. Let b : U � U ! F be a nondegenerate, symmetric, bilinear form and let 0 6¼ u 2 U .
Define the algebra

Elr U; b; uð Þ :¼ F� F� � � � � F|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
l

�U � F� F� � � � � F|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
r

with multiplication

a1; :::; al; x; b1; :::; brð Þ c1; :::; cl; y; d1; :::; drð Þ ¼
0; a1c1; a2c2; :::; al�1cl�1; alclu; b x; yð Þ; b1d1; :::; br�1dr�1
� �

;
(3.4)

for any x; y 2 U and ai; bj; ck; dm 2 F.

1560 B. A. OMIROV ET AL.



Theorem 2. ElrðU; b; uÞ is a nilpotent evolution algebra of type ½1; 1; :::; 1|fflfflfflfflffl{zfflfflfflfflffl}
l

; n; 1; 1; :::; 1|fflfflfflfflffl{zfflfflfflfflffl}
r

�.

Proof. Let fu1; :::; ung be an orthogonal basis of U related to b. Then using (3.4) it is easy to see
that

e1 ¼ ð1; 0; :::; 0Þ; e2 ¼ ð0; 1; 0; :::0Þ; :::; el ¼ ð0; :::; 0; 1|fflfflfflfflffl{zfflfflfflfflffl}
l

; 0; :::; 0Þ;

elþ1 ¼ ð0; :::; 0|fflfflffl{zfflfflffl}
l

; u1; 0; :::; 0|fflfflffl{zfflfflffl}
r

Þ; :::; elþn ¼ ð0; :::; 0|fflfflffl{zfflfflffl}
l

; un; 0; :::; 0|fflfflffl{zfflfflffl}
r

Þ;

elþnþ1 ¼ ð0; :::; 0; 1; 0; :::; 0|fflfflfflfflffl{zfflfflfflfflffl}
r

Þ; :::; elþnþr ¼ ð0; :::; 0; 0; 0; :::; 1|fflfflfflfflffl{zfflfflfflfflffl}
r

Þ

is a natural basis of E ¼ ElrðU; b; uÞ making it an evolution algebra. Moreover, eiej ¼ 0 if i 6¼ j. If
u ¼Pn

k¼1 ckuk and kk ¼ bðuk; ukÞ then

e2i ¼

eiþ1; if i ¼ 1; :::; l�1 and i ¼ lþ nþ 1; lþ nþ 2; :::; lþ nþ r�1Xn
k¼1

ckelþk; if i ¼ l

kielþnþ1; if i ¼ lþ j; j ¼ 1; :::; n
0; if i ¼ l þ nþ r:

8>>>>><
>>>>>:

(3.5)

In Figure 1, the graph of the evolution algebra (see page 3 for definition) with multiplication
(3.5) is given.

Now we check the type of this evolution algebra. From (3.4) it follows that

ann Eð Þ ¼ 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
lþr

�F;

Note that in the last formula and below one 0 is n-dimensional zero-vector.

ann2ðEÞ ¼ fða1; :::; al; x; b1; :::; brÞ 2 E :
ða1; :::; al; x; b1; :::; brÞðc1; :::; cl; y; d1; :::; drÞ ¼
ð0; a1c1; a2c2; :::; al�1cl�1; alclu; bðx; yÞ; b1d1; :::; br�1dr�1Þ 2 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

lþr

�F;

for any ðc1; :::; cl; y; d1; :::; drÞ 2 Eg¼ 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
lþr�1

�F� F;

Figure 1. The graph of the evolution algebra given by multiplication (3.5).
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Similarly by mathematical induction over j one shows that

annj Eð Þ ¼ 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
lþr�jþ1

� F� � � � � F|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
j

; j ¼ 1; :::; r:

annrþ1 Eð Þ ¼ f a1; :::; al; x; b1; :::; brð Þ 2 E :

a1; :::; al; x; b1; :::; brð Þ c1; :::; cl; y; d1; :::; drð Þ
¼ 0; a1c1; a2c2; :::; al�1cl�1; alclu; b x; yð Þ; b1d1; :::; br�1dr�1
� � 2

0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
lþ1

�F� � � � � F|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
r

; for any c1; :::; cl; y; d1; :::; drð Þ 2 Eg

¼ 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
l

� U � F� � � � � F|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
r

;

Now using induction over m one can show that

annrþ1þm Eð Þ ¼ 0� 0� � � � � 0|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
l�m

�F� � � � � F|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
m

� U � F� � � � � F|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
r

;m ¼ 1; :::; l:

Thus we have

ni ¼ dimF anni Eð Þ� �
�dimF anni�1 Eð Þ� �

¼ 1; if i 6¼ r þ 1
n; if i ¼ r þ 1: w

�

Theorem 3. If l � 2 or r � 2 then for each n � 1 there is an evolution algebra E of type
½1; 1; :::; 1|fflfflfflfflffl{zfflfflfflfflffl}

l

; n; 1; 1; :::; 1|fflfflfflfflffl{zfflfflfflfflffl}
r

� which is not isomorphic to an algebra ElrðU; b; uÞ , for any ðU; b; uÞ as in

Definition 6.

Proof. Let B ¼ fh1; :::; hlþnþrg be a natural basis of E with type ½1; 1; :::; 1|fflfflfflfflffl{zfflfflfflfflffl}
l

; n; 1; 1; :::; 1|fflfflfflfflffl{zfflfflfflfflffl}
r

�. Then

annj Eð Þ ¼
�

j
i¼1Felþnþr�iþ1; if j ¼ 1; :::; r

�n
i¼1Felþi�

r
s¼1Felþnþs; if j ¼ r þ 1

�m
t¼1Fel�tþ1�

n
i¼1Felþi�

r
s¼1Felþnþs; if j ¼ r þ 1þm; m ¼ 1; :::; l:

8><
>:

Using these formulas we get the following multiplication table:

h2i ¼
Xlþnþr

j¼iþ1

ai;jhj; if i ¼ 1; :::; l

h2lþt ¼
Xlþnþr

j¼lþnþ1

alþt;jhj; if t ¼ 1; :::; n

h2lþnþm ¼
Xlþnþr

j¼lþnþmþ1

alþnþm;jhj; if m ¼ 1; :::; r�1

h2lþnþr ¼ 0:

(3.6)

Thus the matrix of structural constants of this algebra has upper triangular form with zeros in
the diagonal (see Theorem 1).
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Case: r � 2. Here we consider a particular case of (3.6), i.e., we take

h2i ¼
Xlþnþr

j¼iþ1

ai;jhj; if i ¼ 1; :::; l

h2lþ1 ¼ chlþnþr; c 6¼ 0

h2lþt ¼
Xlþnþr

j¼lþnþ1

alþt;jhj; if t ¼ 2; :::; n

h2lþnþm ¼
Xlþnþr

j¼lþnþmþ1

alþnþm;jhj; if m ¼ 1; :::; r�1

h2lþnþr ¼ 0:

(3.7)

We assume that there exists a change w of basis fh1; :::; hlþnþrg, of algebra E, with multiplica-
tion (3.7) to the basis fe1; :::; elþnþrg, of algebra E0 , with multiplication (3.5). Since wðannjðEÞÞ ¼
annjðE0Þ, we get for w the following equalities:

w hið Þ ¼

Xlþnþr

j¼i

cijej; i ¼ 1; :::; l;

Xlþnþr

j¼lþ1

cijej; i ¼ lþ 1; :::; l þ n;

Xlþnþr

j¼i

cijej; i ¼ lþ nþ 1; :::; l þ nþ r:

8>>>>>>>>>>><
>>>>>>>>>>>:

By these formulas we have

detw ¼ det cijð Þli;j¼1
� det cijð Þlþn

i;j¼lþ1
� det cijð Þlþnþr

i;j¼lþnþ1
:

For any p 2 fl þ 1; :::; lþ ng, we have

w hphlþnþr�1
� � ¼ w hp

� �
w hlþnþr�1ð Þ ¼

Xlþnþr

j¼lþ1

cpjclþnþr�1;je
2
j

¼
Xlþnþr�2

j¼lþ1

cpjclþnþr�1;je
2
j þ cp;lþnþr�1clþnþr�1;lþnþr�1elþnþr ¼ 0:

In particular, from the last equality we get the following system of equations

cp;lþnþr�1clþnþr�1;lþnþr�1 ¼ 0; for all p 2 l þ 1; :::; l þ nf g:
We note that clþnþr�1;lþnþr�1 6¼ 0, consequently

cp;lþnþr�1 ¼ 0; for all p 2 l þ 1; :::; lþ nf g: (3.8)

Now consider

w h2lþ1

� 	
¼ w chlþnþrð Þ ¼ cw hlþnþrð Þ ¼ cclþnþr;lþnþrelþnþr: (3.9)

Since detw 6¼ 0 we have clþnþr;lþnþr 6¼ 0. On the other hand we have

w h2lþ1

� 	
¼ w hlþ1ð Þ2 ¼

Xlþnþr

j¼lþ1

clþ1;jej

0
@

1
A2

¼
Xlþnþr�2

j¼lþ1

c2lþ1;je
2
j þ clþ1;lþnþr�1elþnþr: (3.10)
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By (3.8)–(3.10) we get the following contradiction

0 6¼ cclþnþr;lþnþr ¼ clþ1;lþnþr�1 ¼ 0:

Thus such w does not exist.
Case: l � 2. Here we consider the following particular case of (3.6):

h2i ¼ hiþ1 þ hiþ2; if i ¼ 1; :::; l

h2lþt ¼
Xlþnþr

j¼lþnþ1

alþt;jhj; if t ¼ 1; :::; n

h2lþnþm ¼ hlþnþmþ1 þ hlþnþmþ2; if m ¼ 1; :::; r�2
h2lþnþr�1 ¼ hlþnþr

h2lþnþr ¼ 0:

(3.11)

Assume that there exists a change u of basis fe1; :::; elþnþrg, of algebra E0 , with multiplication
(3.5) to the basis fh1; :::; hlþnþrg, of algebra E, with multiplication (3.7). Then since

u annj E0ð Þð Þ ¼ annj Eð Þ; j � 1;

we get

u eið Þ ¼
Xlþnþr

j¼i

cijhj; i ¼ 1; :::; l:

The condition detðuÞ 6¼ 0 implies c11c22:::clþnþr;lþnþr 6¼ 0.
From (3.5) we get

e2i e
2
iþ1 ¼ eiþ1eiþ2 ¼ 0; i ¼ 1; 2; :::; l�2:

e2l�1e
2
l ¼ el

Xn
k¼1

ckelþk

 !
¼ 0:

e2l e
2
lþ1 ¼

Xn
k¼1

ckelþk

 !
k1elþnþ1 ¼ 0:

e2lþ1e
2
lþ2 ¼ k1k2e2lþnþ1 ¼ k1k2elþnþ2 6¼ 0:

Consequently,

u e2i e
2
iþ1

� 	
¼ 0; for each i ¼ 1; 2; :::; l: (3.12)

On the other hand we have

u e2i e
2
iþ1

� � ¼ Xlþnþr

j¼i

cijhj

0
@

1
A2 Xlþnþr

j¼iþ1

ciþ1;jhj

0
@

1
A2

¼

c2iih
2
i þ :::

� �
c2iþ1;iþ1h

2
iþ1 þ :::

� 	
¼

c2ii hiþ1 þ hiþ2ð Þ þ :::
� �

c2iþ1;iþ1 hiþ2 þ hiþ3ð Þ þ :::
� 	

¼
c2iic

2
iþ1;iþ1h

2
iþ2 þ :::; for each i ¼ 1; 2; :::; l�1:

(3.13)

By (3.12) from the last equality we get ciiciþ1;iþ1 ¼ 0 for each i ¼ 1; :::; l�1. Thus for l � 2 we
see that detðuÞ ¼ 0. w

Remark 2. In [7] it was shown that if E is a nilpotent evolution algebra of type ½1; n; 1� then E is
isomorphic to an algebra E11ðU; b; uÞ , (i.e., l ¼ r ¼ 1 ), for some (U, b, u) as in Definition 6.
Theorem 3 shows that this result is not true for any l, r when at least one of them >1.
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Definition 7. Let b : U � U ! F be a non degenerate, symmetric, bilinear form. Define the algebra

E U; bð Þ :¼ U � F� F

with multiplication

u; a1; a2ð Þ v; b1; b2ð Þ ¼ 0; 0; b u; vð Þ� �
Proposition 3. EðU; bÞ is a nilpotent evolution algebra of type ½2; n�.

Proof. Let fu1; :::; ung be an orthogonal basis of U related to b. Then fei ¼ ðui; 0; 0Þ; i ¼
1; :::; n; enþ1 ¼ ð0; 1; 0Þ; enþ2 ¼ ð0; 0; 1Þg is a natural basis of E ¼ EðU; bÞ. Moreover eiej ¼ 0; i 6¼ j
and

e2i ¼ ki 0; 0; 1ð Þ ¼ kienþ2; i ¼ 1; :::; n;with ki ¼ b ui; uið Þ;
e2nþ1 ¼ e2nþ2 ¼ 0:

It is easy to see that

ann Eð Þ ¼ 0� F� F; ann2 Eð Þ ¼ E:

Thus n1 ¼ 2; n2 ¼ n. w

3.1. A construction of a nilpotent algebra of type ½n1;n2; . . . ;nk�
Consider a field F of characteristic not 2. Let U i be a vector space over F with dimFU i ¼ mi; i ¼
1; :::; k. Denote by fui1; :::; uimig the basis elements of U i; i ¼ 1; :::; k.

Definition 8. Let ni : U i 
 U i ! U iþ1; i ¼ 1; :::; k�1 be symmetric bilinear mappings, such that
niðuip; uiqÞ ¼ 0; p 6¼ q. We define the algebra

E ¼ U1 � U2 � � � � � Uk

with multiplication

x1; x2; :::; xkð Þ y1; y2; :::; ykð Þ ¼
0; n1 x1; y1ð Þ; n2 x2; y2ð Þ; :::; nk�1 xk�1; yk�1ð Þ
� �

;
(3.14)

for any xi; yi 2 U i.

Theorem 4. The algebra E ¼ U1 � U2 � � � � � Uk is a nilpotent evolution algebra of type
½n1; n2; :::; nk�, with ni ¼ mk�iþ1.

Proof. We note that the following is a natural basis of E:

e11; e12; :::; e1m1 ; e21; e22; :::; e2m2 ; :::; ek1; ek2; :::; ekmkf g;
where

eij ¼ 0; :::; 0; uij; 0; :::; 0ð Þ 2 E; i ¼ 1; :::; k; j ¼ 1; :::;mi:

Moreover, we have eijepq ¼ 0; ði; jÞ 6¼ ðp; qÞ and
e2ij ¼ 0; :::; 0; ni uij; uijð Þ; 0; :::; 0

� �
; i ¼ 1; :::; k�1; j ¼ 1; :::;mi;

e2kj ¼ 0; j ¼ 1; :::;mk
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It is easy to see that

ann1 Eð Þ ¼ 0� 0� � � � 0� Uk; i:e:; dim ann Eð Þð Þ ¼ mk:

ann2 Eð Þ ¼ 0� 0� � � � 0� Uk�1 � Uk; ; i:e:; dim ann2 Eð Þð Þ ¼
Xk
s¼k�1

ms:

:::::::::

annj Eð Þ ¼ 0� 0� � � � 0� Uk�jþ1 � � � � � Uk�1 � Uk; ; i:e:; dim annj Eð Þð Þ ¼
Xk

s¼k�jþ1

ms:

Thus we have

ni ¼
Xk

s¼k�iþ1

ms�
Xk

s¼k�iþ2

ms ¼ mk�iþ1:

Then corresponding algebra is of type ½n1; n2; :::; nk�. w

Example 1. Let V1 be an evolution algebra with multiplication n1 : V1 
 V1 ! V1 , and V2 :¼
n1ðV1;V1Þ . Assume a multiplication n2 is given on V2 such that ðV2; n2Þ is an evolution algebra
and V3 :¼ n2ðV2;V2Þ: Consequently, define an evolution algebra ðV i�1; ni�1Þ with ni�1ðV i�1;
V i�1Þ ¼ V i, i ¼ 1; :::; k. Consider

E ¼ V1 � V2 � � � � � Vk

with multiplication

x1; x2; :::; xkð Þ y1; y2; :::; ykð Þ ¼
0; n1 x1; y1ð Þ; n2 x2; y2ð Þ; :::; nk�1 xk�1; yk�1ð Þ
� �

;
(3.15)

for any xi; yi 2 V i . Then by Theorem 4 the algebra E is a nilpotent evolution algebra of type
½n1; n2; :::; nk�, with ni ¼ dimðVk�iþ1Þ.
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